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We study the collective, superradiant behavior in the system of emitter-dressed Ag nanorods. Starting from
the Drude model for the plasmon oscillations, we arrive at a semi-empirical Hamiltonian describing the
coupling between quantized surface plasmon modes and the quantum emitters that can be controlled by
manipulating their geometry, spacing, and orientation. Further, identifying the lowest polariton mode as SP-
states dressed by excitons in the vicinity of k = 0, we examine conditions allowing for the polariton quantum
phase transition. While the system is formally a 1D array, we show that the polariton states of interest can
undergo a quantum phase transition to form a Bose condensate at finite temperatures for physically accessible
parameter ranges.
I. INTRODUCTION.
Spontaneous emission is a powerful probe of the dy-
namics of a given system. For a set of isolated emitters,
the physics of spontaneous emission is well understood
and depends upon the internal details of the specific sys-
tem. However, the collective emission from an ensem-
ble of emitters is not so well understood and depends
strongly upon the nature of the interactions between the
emitters and their surrounding media. Superradiance oc-
curs when the coupling between the emitters and radi-
ation field is sufficiently high that entire system+field
must be considered as a collective quantum state and
can be described by the classic Dicke model.1 The Dicke
model has been used to model a wide range of physi-
cal systems from BEC in optical cavities2–5 to Hawking
radiation from black-holes.6 A direct realization of the
model using a cavity ring-laser was proposed by Dimer
et al.7 Superradiance has also received renewed inter-
est in the field of quantum optics7 and nanotechnolo-
gies.8–10 It also underlies the physics behind the forma-
tion of exciton/polariton Bose condensates in thin-film
micro cavities.4,11–25
Quantum plasmonics is a rapidly emerging field of nan-
otechnologies establishing control of light quantum prop-
erties via its interaction with nanoscale metallic struc-
tures showing surface-plasmon (SP) response.26 Typi-
cally the SP modes are excited via near-field interac-
tions with quantum emitters such as atomic impurities
or semiconductor nanostructures. The coupling between
the quantum emitters and SP modes plays a key role in
controlling the quantum properties of the photons. Pre-
vious theoretical investigations indicate that strong cou-
pling between an ensemble of quantum emitters and a SP
mode can result in superradient emission.27,28 Such cal-
culations utilize a semiclassical approach and provide the
correct trends in the emission line-shape with the num-
ber of emitters allowing for identification of the super-
and sub-radiant exciton-SP modes. However, investiga-
tion of cooperative thermodynamic properties leading to
spontaneous symmetry breaking associated with the su-
perradiant regime requires a fully quantum mechanical
approach.
To address this problem, we examine the on-set of col-
lective excitonic states in one-dimensional periodic arrays
of Ag nanorods dressed by dipole emitters as sketched
in Fig. 1. The near-field coupling between localized SP
modes within the nanorods and the dipole emitters gives
rise to a collective exciton-SP mode. Using a quantum
mechanical model that accounts for the explicit inter-
actions between the quantum emitters and SP, we con-
struct a Dicke Hamiltonian.1,3 In contrast to conventional
Dike model where the quantum emitters are coupled to
radiative cavity mode, our model couples the quantum
emitters via near-field quasi-static Coulomb interactions.
Within this model, the coupling between the emitters
and the SP modes enhance the Coulomb couplings be-
tween emitters that can be controlled by manipulating
the aspect-ratio of the nanorods and their orientation.
Since the transverse radiative potential is not included
in the near-field regime, our model is free of an issues
raised in the literature regarding the gauge invariant form
of the Hamiltonian that preserves Thomas-Reiche-Kuhn
sum rule.29 By analyzing the thermodynamics of this col-
lective system, we predict that symmetry breaking lead-
ing to the collective, superradiant regimes.
The paper organized as follows. In Secs. II we derive
second-quantized SP model accounting for the local field
interactions. In Sec. III, the Hamiltonian for the near-
field coupled collective states of SP and quantum emitters
and their mutual interactions is introduced. Based on
this Hamiltonmian, in Sec. IV we evaluate SP and exciton
polariton modes and identify the lower-polariton mode
as exciton-dressed SP states in the vicinity of k = 0.
Further examination of the conditions for the symmetry
breaking for this mode demonstrates the possibility of
quantum-phase transition into the superradiant state at
finite temperature. Sec. V concludes the paper.
II. INTERACTING SP MODEL
We shall begin by assuming that the metal nanopar-
ticles interact via quasi-electrostatic interactions, giving
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2rise to a collective surface-plasmon (SP) mode. Each
nanoparticle is dressed by a single dipole-emitter, which
in turn are coupled both to each other via near-field in-
teractions allowing an optical excitation to be exchanged
between emitters and to the plasmon mode. For the sake
of simplicity, we further assume that the metal nanopar-
ticles, i.e., the nanorods, are strongly anisotropic and can
be characterized by a single SP mode with the energy ωsp.
This mode is polarized in the (x, z)-plane along the unit
vector esp as illustrated in Fig. 1. We also assume that
the quantum emitter transition dipole is polarized in the
same plane along the unit vector eqe and parallel to the
major-axis of the nanorod. This allows us to define the
SP and the quantum emitter transition dipole operators
as
pˆn = esppsp
(
ψˆ†n + ψˆn
)
, (1)
µˆn = eqeµqe
(
σˆ+n + σˆ
−
n
)
, (2)
respectively. Here {ψˆn, ψˆ†n} are boson operators for the
SPs. The quantum emitters are approximated as two-
level systems and described by SU(2) spin operators σˆin
with i = ±, z. The quantity, µqe, is the transition
dipole matrix element between the ground and the ex-
cited states of each quantum emitter. Unless different
values are specified, below we set quantum emitter tran-
sition dipole strengths to µqe = 75 Debye. Such a large
value can be expected in epitaxially grown semiconductor
quantum dots.30. The amplitude of the metal nanopar-
ticle SP dipole is
psp =
(ωspαsp
2
)1/2
. (3)
This depends on the SP energy, ωsp and the nanoparticle
polarizability, αsp which we now derive.
x
y
z
Jsp
λnk
ψˆk
psp
µqe
FIG. 1. Repeated unit of a one-dimensional periodic struc-
ture of metal nanorods (blue spheroieds) lying in the xz plane
with period a along x-axis. Angle θ between spheroid’s ma-
jor axis and x-axis defines orientation of the SP-mode dipoles
psp. Each nanorod is dressed by a quantum emitter (red
disk) located a distance d above the nanorod and character-
ized by a transition dipole moment µqe held parallel to psp.
The wavy curve represents a collective plasmon mode ψˆk due
to near-field coupling between the nanorods, Jsp (Eq. 23).
The emitters are coupled to the collective SP mode via λnk
(Eq. 26).
To describe anisotropic SP response of the metal
nanoparticles forming the array, we define them to be
prolate spheroids and set the spheroid major axis to
be oriented in the direction of the unit vector esp con-
strained to the (x, z)-plane. We further denote the
spheroid major (minor) radius by a0 (b0), the distance
to the spheroid focal point as f0 =
√
a20 − b20 and the
inverse eccentricity as η0 = [1− (b0/a0)2]−1/2.
For large enough values of the aspect ratio a0/b0, one
can consider the spheroidal nanoparticles as the nanorods
whose SP mode oscillating along the major axis couples
strongly to the local electric fields whereas the contribu-
tion of the SP oscillations along the minor axis can be
neglected. In this approximation, dipole moment of the
spheroidal nanorod located at the n-th site induced by
the local electric field En can be represented as
pn(ω) = α(ω)En (4)
where the nanorod polarizability
α(ω) =
4piε0f
3
0
3
(ω)− 1
[Q1(η0)/η0](ω)−Q′1(η0)
, (5)
depends on the spheroid dielectric function (ω) and the
geometric factors given in terms of the Legendre polyno-
mial of the second kind, Q1(z) = (z/2) ln[(z + 1)/(z −
1)]− 1, and its derivative, Q′1(z).
To quantize the plasmon modes, the nanorods are de-
scribed by the Drude dielectric function
(ω) = ∞ −
ω2p
ω(ω + iγ)
, (6)
where ∞ is the dielectric constant due to the high fre-
quency response of the metal ion core and the second
term describes the response of the metal electron gas
characterized by the bulk plasma frequency, ωp, and
damping rate, γ. For the numerical calculations we use
parameters entering Drude dielectric function obtained
by Johnson and Christy of the SP response for bulk Ag.31
Specifically, we set the high frequency dielectric constant
of the ion core to ∞ = 3.7, the electron plasma fre-
quency to ωp = 9.1 eV, and the damping constant to
γ = 18 meV. The environment dielectric constant is set
to unity.
Substituting Eq. (6) into Eq. (5), we recast Eq. (4) to
the following form
pn(ω) =
[
α∞ + αsp
ω2sp
ω(ω + iγ)− ω2sp
]
En(ω), (7)
where
α∞ =
4piε0f
3
0
3
∞ − 1
[Q1(η0)/η0]∞ −Q1′(η0) , (8)
αsp =
4piε0f
3
0
3
[Q1(η0)/η0]−Q1′(η0)
[Q1(η0)/η0]∞ −Q1′(η0) , (9)
are the higher frequency ion core and the low frequency
electron gas polarizabilities, respectively. According to
3Eq. (9), the latter quantity prefactors the resonant re-
sponse of the electron gas on the SP frequency of the
nanorod,
ω2sp =
[Q1(η0)/η0] ω
2
p
[Q1(η0)/η0]∞ −Q1′(η0) . (10)
In the time domain Eq. (7) reads
pn(t) = αspω
2
sp
∫ t
−∞
dt′
sin
[√
ω2sp − γ2/4 (t− t′)
]
√
ω2sp − γ2/4
e−γ(t−t
′)/2En(t
′), (11)
which is solution for the equations of motion of a driven
harmonic oscillator
p¨n(t) + γp˙n(t) + ω
2
sppn = αspω
2
spEn(t). (12)
Now we introduce an effective SP coordinate, un, and
conjugate momentum pin. By neglecting the damping
term in Eq. (12), we further introduce effective SP Hamil-
tonian
HSP =
N∑
n=1
(
pi2n
2msp
+mspω
2
sp
u2n
2
)
−
N∑
n=1
pnEn, (13)
where psp = eu with e being electron charge. By writing
equation of motion for un and comparing it with Eq. (12),
one can easely identify the SP mass as msp = e
2/αspω
2
sp.
Second quantization of the SP momentum and coordinate
pˆin = i
√
ωspmsp
2
(
ψˆ†n − ψˆn
)
, (14)
uˆn =
√
1
2ωspmsp
(
ψˆ†n + ψˆn
)
, (15)
results in the following Hamiltonian (here and below ~ =
1)
HˆSP = ωsp
N∑
n=1
ψˆ†nψˆn −
N∑
n=1
pˆn · Eˆn, (16)
with the dipole operator defined by Eq. (1) and the local
electric field Eˆn(t) to be a superposition of the electric
fields produced by the metal nanoparticles at sites m 6= n
and quantum emitters at all sites. Specifically,
Eˆn = − 3
8piε0f30
N∑
m=1
[1− δnm]T ([m− n]a, 0)pˆm (17)
− 3
8piε0f30
N∑
m=1
(µˆm · T ([m− n]a, d)) esp.
Here, the dimensionless vector determining direction of
the local electric field induced by the spheroid polariza-
tion along its major axis is
T (x, y, z) =∇
[
z′ ln
(
r′1 + r
′
2 + 2f0
r′1 + r
′
2 − 2f0
)
− r′1 + r′2
]
, (18)
where
r′1,2 =
√
x′2 + y2 + (z′ ± f0)2, (19)
and (
x′
z′
)
=
(
(esp · z) −(esp · x)
(esp · x) (esp · z)
)(
x
z
)
. (20)
After assuming that f0  r1,2, Eq. (17) can be written
in the following dipole-filed form
Eˆn = −
N∑
m=1
[1− δnm] pˆm − 3r¯nm(r¯nm · pˆm)
4piε0r3nm
(21)
−
N∑
m=1
µˆm − 3R¯nm(R¯nm · µˆm)
4piε0R3nm
.
Here rnm (Rnm) is the distance between metal nanoparti-
cle on site n and a metal nanoparticle (quantum emitter)
on site m, and r¯nm = rnm/rrm (R¯nm = Rnm/Rrm).
III. COUPLED SP-EXCITON HAMILTONIAN
4Having defined our terms, we can now move on to define the total Hamiltonian describing the physical system. For
this we extend Eq. (16) as
Hˆsp−x =
∑
k
Ωsp(k)ψˆ
†
kψˆk +
1√
2N
∑
n
∑
k
(
σˆ+n + σˆ
−
n
) (
λnkψˆ
†
k + λ
∗
nkψˆk
)
+ HˆXY . (22)
where the first term describes interaction free SP mode with the energies Ωsp(k). Field operators ψˆk and ψˆ
†
k obey
Bose commutation relation and describe collective SP modes of the nanorod array characterized by the wave vector
k. The second term describes coupling of the SP mode to quantum emitters with the ground-excited state transitions
described by the spin operator σˆ±n with n = 1, 2, . . . N being the array site index. The last term, HˆXY , describes the
quantum emitters and its explicit form will be specified below.
A. Coupling between neighboring metal nanorods
The first term in the Hamiltonian given by Eq. (22) is
derived by starting with the effective SP Hamiltonian
(Eq. (16)) in which the second term is calculated us-
ing the local field coupling between the nearest neighbor
nanorods (i.e., the first term in Eq. (17) with m = n±1)
and second quantized form of the SP dipole (Eq. (1)).
This results in the following near-field interaction energy
between the nearest neighbor nano rods
Jsp =
3p2sp
8piε0f30
(esp · T (a, 0)), (23)
where f0 =
√
a20 − b20 is the distance to the focal point of
the spheroid measured from its center and vector T (x, z)
given by Eqs. (18)–(20). a is the distance between centers
of nearest neighbor nanorods. In the limit f0  r1,2
describing the nanorod separation significantly exceeding
their size, Eq. (23) recovers the spherical dipole-dipole
interaction term
Jddsp =
p2sp
4piε0a3
(
1− 3 (esp · x)2
)
. (24)
Note that this expression directly follows from the first
term in the asymptotic expression of the local field given
by Eq. (21). Furthermore, neglecting the coupling terms
between the next to the nearest neighbor nanoparticles
and higher, we diagonalized the SP terms by performing
its Fourier transformation. This results in the first term
in Eq. (22) with the SP energy dispersion
Ωsp(k) = ωsp + 2Jsp cos(k), (25)
where k = −pi, . . . ,−pi.
According to Eq. (25) the plasmonic band is deter-
mined by the values of ωsp and Jsp. Fig. 2a shows the
variation of the surface plasmon energy ωsp with increas-
ing nanorod aspect ratio a0/b0, where a0 (b0) is spheroid
major (minor) radius. By simply varying the major ra-
dius, one can tune this frequency over a wide range span-
ning the near infrared through ultraviolet spectrum. In
Fig. 2b, we show the variation in the near-field coupling
between emitters (Eq. (23)) for various nanorod aspect
ratios a0/b0. The position of the SP band edge within the
Brillouin zone depends on the sign of Jsp. According to
Fig. 2b, the sign of Jsp can be varied from negative to pos-
itive by changing the polarization of the SP mode from
the x to z directions. The cross-over between negative
and positive values of Jsp occurs at an angle close to the
θ = 54.7◦. For the cases shown here, the distance of sepa-
ration between the centers of the nanorods is held fixed at
a = 2ao + δa and the end-to-end distance δa = 1 nm en-
sures that even at θ = 0 (linear aligned rods), the rods do
not touch or overlap. For more closely packed rods (not
shown in the plot), near-field effects become increasingly
important and the cross-over from negative to positive
values of Jsp occurs at smaller angles. Comparison of
the exact (Eq. (23)) and dipole-dipole (Eq. (24)) terms
is provided in panels b and c of Fig. 2. The plot shows
that the deviation from the dipole-dipole approximation
is weak and becomes observable for small angles and large
aspect ratios.
B. Exciton-SP interaction term
By performing the substitution of the expression for
the local electric field produced by quantum emitters
(i.e., the second term in Eq. (17) into the second term of
the effective SP Hamiltonian (Eq. (16)) and using the
second-quantized representation for the corresponding
dipole moments (Eqs. (1) and (2)), we arrive at the sec-
ond term of our Hamiltonian (Eq. (22)) with the exciton-
SP coupling parmaetr
λnk = e
−ink[λ0 +2λ1 cos k+ i2λ2 sin k] = e−inkΛk. (26)
This term depends on the interaction energy between n-
th emitter the nanorod it dresses and the nearest neigh-
bor nanorods given by
λ0 =
3pspµqe
8piε0f30
(eqe · T (0, d)), (27)
λ1,2 =
3pspµqe
16piε0f30
[(eqe · T (−a, d)) ± (eqe · T (a, d))] ,(28)
respectively. Here, a is distance between the centers of
nearest neighbor nanords and d is distance between the
centers of a nanorod and the the quantum emitter sitting
on top of it. Provided f0  r1,2, the coupling constants
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FIG. 2. (a) The SP energy, ωsp, as a function of nanorod aspect ratio ao/bo. (b) Normalized near-field coupling between
nanorods (Eq. (23)) as a function of tilt-angle θ calculated for various aspect ratios ao/bo and bo = 2 nm . (c) For comparison,
normalized dipole-dipole coupling energy calculated for the same parameters according to Eq. (24) is provided.
given by Eqs. (27), and (28), acquire the following dipole-
dipole interaction form
λdd0 =
pspµqe
4piε0d3
[(esp · eqe)− 3(esp · y)(eqe · y)] , (29)
λdd1 =
pspµqe
4piε0 (a2 + d2)
3/2
× [(esp · eqe)− 3 cos2 α (esp · x)(eqe · x)
− 3 sin2 α (esp · y)(eqe · y)
]
,
λdd2 =
3pspµqe
8piε0 (a2 + d2)
3/2
sin 2α (30)
× [(esp · x)(eqe · y) + (esp · y)(eqe · x)] ,
where sinα = d/(a2 + d2)1/2. Alternatively, Eqs. (29)–
(30) can be obtained from Eqs. (16) and (21).
In Fig. 3 we show the absolute value of the the exciton-
SP coupling, |Λk|2, calculated according to Eqs. (26)–
(28) for various values of the nanorod aspect ratio a0/b0,
width b0, and tilt-angle θ at k = 0 in units of the SP fre-
quency, ωsp. The results indicate that the highest cou-
plings are achieved with thin (bo = 0.5 nm) nanorods
of aspect ratios between 10-15 and alignment defined by
θ = 60◦. The use of approximate Eqs. (29) and (30)
(not shown) does not bring significant deviations from
the results in Fig. 3.
C. Quantum emitter Hamiltonian
We now focus on the last term in Eq. (22) describing
the quantum emitters and their coupling to each other
resulting in the delocalized exciton states. Our exciton
model for this is identical to the so-called XY model de-
scribing a linear chain of spins coupled to a transverse
magnetic field with the Hamiltonian
HˆXY =
ωqe
2
∑
n
σˆzn +
Jqe
2
∑
n
(
σˆ+n σˆ
−
n+1 + σˆ
+
n+1σˆ
−
n
)
.(31)
Here, ωqe is the two-level system transition energy. The
nearest neighbor interaction between the quantum emit-
ters can be well represented by the dipole-dipole interac-
tion energy
Jqe =
µ2qe
4piε0a3
(
1− 3 (eqe · x)2
)
, (32)
where µqe is the quantum emitter transition dipole and
a is the distance between neighboring emitters.
Since the model corresponds to the free-propagation of
excitons on a lattice, one is tempted to immediately diag-
onalize HˆXY . However, all raising/lowering operators be-
longing to different sites commute, [σˆi, σˆj ] = 0 for i 6= j.
The Pauli principle requires that they anti-commute be-
tween sites. Consequently, the σˆ±i = (σˆ
x
i ± σˆ−i )/
√
2 op-
erators as defined above describe neither fermions nor
bosons and are inconvenient for describing a many-body
system. This can be resolved defining a new set of oper-
ators, (Holstein-Primakoff transformation)
σˆzi = 2bˆ
†
i bˆi − 1, (33)
σˆ+i =
√
2bˆ†i
(
1− bˆ†i bˆi
)1/2
(34)
σˆ−i =
√
2
(
1− bˆ†i bˆi
)1/2
bˆi (35)
where the bˆi’s do obey the canonical Bose algebra
[bˆi, bˆ
†
j ] = δij . This transformation preserves spin oper-
ator commutation relation [σˆ+i , σˆ
−
j ] = 2δij σˆ
z
i and can be
used to describe the propagation of the quantum emitter
excitons using the identity
1
2
N∑
n=1
(
σˆ+n σˆ
−
n+1 + σˆ
+
n σˆ
−
n+1
)
=
N∑
n=1
(
bˆ†nbˆn+1 + bˆ
†
n+1bˆn
)
+ O(1/N) (36)
We introduce a small O(1/N) error associated with the
terms operator terms higher than the second order. It is
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FIG. 3. Squared absolute value of the the exciton-SP coupling, |Λk|2, calculated for various values of the nanorod aspect ratio
a0/b0, width b0, and tilt-angle θ at k = 0 in units of the SP frequency, ωsp. Distance between each quantum emitter and the
nanorod it dresses is set to d = 3 nm.
also important to note that the quantum emitter Hamil-
tonian explicitly preserves the total number of bosons
(excitations) in the system viz. Nˆb =
∑
n bˆ
†
nbˆn and
[HˆXY , Nˆb] = 0. As a result, we can write total spin oper-
ator Sz =
∑
i σˆ
z
i = 2Nˆb−N, and observe that each spin-
less excitation created by bˆ†i carries an Szωqe/2 = ωqe
quantum of energy.
The quantum-emitter terms can now be brought into
diagonal form by defining the transformation
Hˆx =
∑
ij
bˆ†iHij bˆj (37)
where
Hij = ωqeδij + Jqe(δi,j+1 + δj,i+1) (38)
Introducing the Fourier expansion of the Fermion opera-
tors
bˆn =
1√
N
∑
k
eiknbˆk (39)
bˆ†n =
1√
N
∑
k
e−iknbˆ†k, (40)
where k = −pi, . . . ,−pi, and bˆk’s are canonical boson op-
erators describing delocalized exciton states with momen-
tum k, we thus arrive at the diagonal exciton Hamiltonian
Hˆx =
∑
k
ωx(k)bˆ
†
k bˆk (41)
with the energy dispertion
Ωx(k) = ωqe + 2Jqe cos(k). (42)
Similar to SP (Eq. (25)), the position of the quantum
emitter band edge within the Brillouin zone depends on
the sign of Jqe. Since we keep orientation of the quantum
emitter and SP transition dipoles parallel the sign of Jqe
has similar angular dependance as that shown for the SP
in Fig. 2c.
Pulling everything together, our model Hamiltonian (Eq. (22) takes the form of a series of independent boson terms
HˆSP =
∑
k
{
Ωsp(k)ψˆ
†
kψˆk + Ωx(k)bˆ
†
k bˆk +
(
bˆ†k + bˆk
)(
Λ∗kψˆ
†
k + Λkψˆk
)}
. (43)
Note that this is similar to the Dicke model for the coupling between a photon cavity mode and an ensemble of spins
which has been widely used in atomic and molecular physics. However, in this case, each cavity (i.e., SP) mode, ψˆk,
is coupled to a single exciton mode sˆk rather than to an ensemble of independent 2-state atoms.
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FIG. 4. Non-interacting SP, Ωsp, and exciton Ωk dispersion curves calculated according to Eqs. (25) and (42), respectively. The
following geometric parameters for the array are adopted in the calculations ao = 10 nm, bo = 1 nm, θ = 0, and a = 20 nm.
(b) Upper, Ω+, and lower, Ω−, polariton branches (Eq. (50)) formed after exciton-SP interaction, Λk (Eqs. (26)–(28)) is taken
into account for the parameters adopted in panel (a).
IV. QUANTUM SYMMETRY BREAKING
Having defined our system by the Hamiltonian given in Eq. (43), we diagonalize this Hamiltonian . For this purpose
we adopt the rotating wave approximation (RWA)
HˆRWA =
∑
k
{
Ωsp(k)ψˆ
†
kψˆk + Ωx(k)bˆ
†
k bˆk + (Λ
∗
kψˆ
†
k bˆk + Λk bˆ
†
kψˆk)
}
. (44)
To eliminate the exciton-SP coupling, the following polariton transformation for the SP and photon operators is
adopted
ψˆk = ukΨˆ+(k) + vkΨˆ−(k) (45)
bˆk = −vkΨˆ+(k) + ukΨˆ−(k). (46)
The unitary transformation matrix elements eliminating the desired term read
uk =
Ω+(k)− Ωsp(k)√
(Ω+(k)− Ωsp(k))2 + |Λk|2
, (47)
vk =
Λk√
(Ω+(k)− Ωsp(k))2 + |Λk|2
, (48)
and result in the following transformed Hamiltonian
Hˆ± =
∑
k
{
Ω+(k)Ψˆ+(k)
†Ψˆ+(k) + Ω−(k)Ψˆ−(k)†Ψˆ−(k)
}
(49)
where the Bose operators Ψˆ+(k) and Ψˆ−(k) naturally describe the quasiparticles associated with the upper, Ω+(k),
and lower, Ω−(k), polariton branches, respectively. The associated polariton energies are
Ω±(k) =
Ωph(k) + Ωsp(k)
2
±
√(
Ωph(k)− Ωsp(k)
2
)2
+ |Λk|2. (50)
In Fig. 4a, we plot non-interacting SP, Ωsp(k), and exciton, Ωk(k), dispersion curves. Turning on interaction Λk
splits the curves at the crossing points into polariton branches Ω± as shown in panel b. These are analogous to the
upper and lower polariton branches except that both the SP and excitonic modes are described by cos(k) dispersion
8terms. Comparing panels b with a, one can conclude that in the vicinity of k = 0 the upper polariton branch, Ω+(k),
represents the exciton states dressed by SP and the lower one, Ω−(k), the SP states dressed by excitons. The state
dressing shows up as the energy-shift of the Ω±(k = 0) compared to the energies of Ωsp(k = 0) and Ωx(k = 0).
At this point we focus on the SP-like, Ω−(k) polariton
branch and ask whether or not a 1D system described
by a cos(k) dispersion can undergo a quantum phase
transition to form a Bose-Einstein condensate (BEC). In
general, the BEC transition is forbidden by symmetry
for 1 and 2 dimensional systems. The reason for this
can be traced to a non-removable singularity at k = 0
when integrating the number density over all momentum
states and is the basis of the Mermin-Wagner theorem.
However, for interacting systems and systems in poten-
tial wells, BEC is possible even in 1 and 2 dimensions. To
determine whether or not such transitions are possible in
this system, we consider the average population number
for a weakly interacting Bose ensemble and compare the
total ground state population to the total excited popu-
lation at finite temperature. Let us introduce partition
function
Ξ = Tr
[
e−β(H˜−µNˆ)
]
(51)
where µ is the chemical potential and Nˆ is the number of
bosons in the system. We shall assume at this point that
the system is open and that the total number of bosons
in the system is allowed to fluctuate about some aver-
age value. Writing the free energy as −βA = log Ξ, we
compute the occupation numbers for the lower polariton
curve as
N =
(
∂A
∂µ
)
T,V
(52)
=
pi∑
k=−pi
λe−βΩ−(k)
1− λe−βΩ−(k) (53)
=
λ
1− λ +
∑
k 6=0
λe−βΩ−(k)
1− λe−βΩ−(k) (54)
= No +Nex (55)
Here, we define the fugacity, λ ∈ [0, 1), such that the
energy origin is at the bottom of the Ω−(k) dispersion
curve and β = 1/kBT and the sum is taken over the
first Brillouin zone. The first term, thus represents the
number of particles in the lowest energy state while the
second sum reflects the number of particles in the excited
states. BEC occurs when at finite temperature and λ <
1 the ground state population diverges logarithmically
while the excited state population remains finite.
To a good approximation, close to k = 0, Ω−(k) ≈
|J |(1− cos(k))/2 = |J | sin2(k/2). Thus, the integral over
k can be performed exactly producing an expression for
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FIG. 5. Phase diagram for ideal Bose-gas in a 1D band. Here
we take the scaled temperature β|J | as an order parameter
and λc as the critical fugacity.
the number density of particles in the excited states.
Nex
V
= 2
∫ pi
0+
dk
λe−a sin
2(k/2)
1− λe−a sin2(k/2)
=
∞∑
n=1
λn
[
2
∫ pi
0+
dke−an sin
2(k/2)
]
= 2pi
∞∑
n=1
λne−an/2I0(an/2) (56)
where a = β|J | and I0(x) is the modified Bessel func-
tion of the first kind. The final sum can be evaluated
numerically and rapidly converges for a given finite value
of β|J | > 0 and 0 ≤ λ < 1. At some critical value of λ
and finite temperature, Nex < N0 implying that under
these conditions, the population will collapse to the low-
est wave-vector state with decreasing temperature. In
Fig. 5 we present a phase diagram showing the critical
fugacity vs. β|J |. A low chemical potential corresponds
to larger values of fugacity. Thus, for a given value of
the chemical potential for the system, we can predict the
critical temperature for the on-set of the BEC transition.
This analysis implies that that in the dressed nanorod
system we describe, one should be able to see the on-sent
of the BEC transition at finite temperature and exper-
imentally accessible excitation densities. In Fig. 5 we
show the phase diagram for the a Bose gas in a 1D band
taking β|J | as a scaled (inverse) temperature and λc as
the critical fugacity. At low temperatures, the system
is expected to become super-radiant for all temperatures
T−1 & 13β|J |.
9V. CONCLUSION
We propose a model for interacting collective SP modes
and exciton states in an array of metal nanorods dressed
by quantum emitters. Starting with a second-quantized
picture of the anisotropic SP response, we construct a
model Hamiltonian and explicitly compute the coupling
required parameters. The final model can be solved ex-
actly, resulting in upper and lower polariton dispersion
curves. Moreover, we show that the model admits a
BEC transition to create a condensate of SP-excitonic
states. Our work suggests a set of material parameters
and nanorod alignments that can be optimized to achieve
this condition under currently achievable laboratory and
synthetic conditions.32
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